Abstract. We discuss the famous constants of 1/e, 1, 3/2 in necessary and/or sufficient oscillation and stability conditions for delay differential equations with one or more delays:
Introduction
It is well known that the differential equation
x (t) = −ax(t − h), a > 0,
is uniformly stable if ah ≤ π/2 and is exponentially stable if ah < π/2. This is not valid anymore for the equation with a variable delay and a variable coefficient, ( 
1.1) x (t) = −a(t)x(t − h(t)),
where a(t) and h(t) are nonnegative bounded continuous functions, 0 ≤ a(t) ≤ α, 0 ≤ h(t) ≤ q. If αq ≤ 3/2, then equation (1.1) is uniformly stable. If 0 < β ≤ a(t) ≤ α and αq < 3/2, then it is exponentially stable; see [1, 2, 3] . The above conditions can be generalized [4] :
the inequality sup a j q j < 3 2
are sufficient for uniform and exponential stability, respectively [5] . If all h j (t) are constant, then 3/2 can be replaced by π/2 [6] . However, these results are not valid if coefficients are not constant. Consider the equation
is sufficient for uniform stability, and constant 1 is sharp, as demonstrated in [5] .
Let us remark that (3/2)-constant is still relevant if we consider the "worst" delay only: if Another objective of the present paper is to discuss constants which lead to either oscillation or non-oscillation. For delay differential equations the following result is well known [7] : If
then there exists an eventually positive solution of the equation Here 1/e is the best possible constant since the equatioṅ
is oscillatory for τ > 1/e. In the monograph [7] for the equation 
is necessary for non-oscillation of equation (1.4), where a j (t) ≥ 0.
In the present paper we study non-oscillation when the above limit is between 1/e and 1 and we also discuss constants arising in stability theory.
The paper is organized as follows. Section 2 deals with non-oscillation constants. It contains a new sufficient non-oscillation condition when the limit in (1.6) is between 1/e and 1. We demonstrate that even for a constant delay any limit between 1/e and 1 can be attained for a non-oscillatory equation. Section 3 presents a justification of the fact that any A ∈ (0, 2) can be chosen in (1.2) such that exponential stability of (1.1) is still possible. Further, we prove that no A can be chosen (even for equations with a constant coefficient) such that (1.2) implies instability. Finally, in Section 4 we consider equation (1.1) with an oscillating coefficient a(t).
Oscillation: from
Let us present sufficient non-oscillation conditions for equation (1.4) when the number lim sup
is between 1/e and 1.
We consider a scalar delay differential equation (1.4) under the following conditions:
Further, we will apply the following non-oscillation condition.
Lemma 2.1 ([7]). If there exists an eventually non-negative locally integrable solution of the inequality
where a + = max{a, 0}, then equation ( 
Proof. Let us demonstrate that the function
is a solution of inequality (2.1) for t ≥ n 0 τ . In the interval (n − 1)τ ≤ t ≤ nτ we have
Hence inequality (2.1) is equivalent to (2.3), which completes the proof. First of all, we present the following result which allows us to expand the set of constants in (1.6) such that equation (1.1) may be stable up to the limit of 2. Is A = 2 a limit? In other words, if A > 2 in (1.2), does it imply instability? The following example demonstrates that the answer is negative. 
Lemma 3.1 ([8]). Suppose a(t)
≥
where h(t) = {t}, t − h(t) = [t] (here {t} and [t]
are the fractional and the integer parts of t, respectively) for t ∈ (2n, 2n + 1] and h(t) = 0 for t ∈ (2n + 1, 2n + 2]; i.e.
Let a > 2. Then
thus (3.5) is exponentially stable for any a ≥ 2, while lim sup
can be any positive number, which demonstrates that there is no upper bound for the integral such that above this limit all equations will be unstable.
Equations with an oscillatory coefficient and open problems
Finally, let us discuss stability and non-oscillation of (1.1) when the coefficient a(t) can be oscillatory but in some sense its positive part "prevails". 
where The first of the above conditions indicates that the positive part of a(t) "prevails" over the negative part, and the second equality in the case of positive a(t) guarantees that all non-oscillatory solutions converge to zero.
Some new sufficient stability results for (1.1) with oscillatory coefficients can be found in the recent paper [9] .
In private discussions, Y. Domshlak and I. Stavroulakis proposed the following hypothesis.
Conjecture. Consider equation (1.1) with an oscillatory coefficient a(t). The inequality
implies non-oscillation of (1.1), and the condition The following example demonstrates that the second part is incorrect; moreover, there is no A > 0 such that the inequality 
Thus, the solution of (4.5) with the initial function
is two-periodic. Really, 
(t).
In the present paper we have demonstrated that some famous constants in the oscillation and stability theory do not work anymore if we consider instability or equations with oscillatory coefficients. Let us outline the problems which are still open.
( 
